Algebra — Exercise Sheet 6

Laurenz Weixlbaumer (11804751)

Exercise 1

T 7 9 13 15 6
AB=|[10 0 5 BA=[6 12 4
6 10 16 7T 9 =2
Exercise 2
1 1 0 -2
AB = (7 -1 0 7 )
g 31 11 0 -3 1 7111
T -1 = T T AT _ -
B = 0 O 0 AT = _12 éll BTAT = 0 0
1 2 2 -2 10
-2 -2 -2 1 -1 -1 -2 -1
AC:(5 7 9 5) AB+AC:(2 4 _9 2)
Exercise 3
a) True. Since elements of A and B are in R, we have
a1+ b ain +bip bii+ai bin + a1y
A+ B = : - : = : —B+A
Qn,1 + bm,l Qn,n + bn,n bn,l + Gn,1 bn,n + An n

b) False. We interpret A as a column vector of row vectors (aq, . ..
column vectors (by,...,b,) and thus have

ay) and B as a row vector of

ai
AB =

BA= (b

c) True.

an,1

-(b1 bn)
a1
b) -
an
T a c
= %)
ain
an,n

ai - bl ap - bn
#
Ap - bl Qp * bn
b1 - bl Uy
bn s ay bn * An
2 2
v (a*+b® ac+bd
AAT = (ac—|—bd 2+ d?
ai i an, 1
AT =
a1,n An,n
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2:1 a’i,l T Zzzl alk - Qn,k
AAT = : . ;
D ko1 Gnk Q1L pIy ai,k
Clearly, AAT is symmetrical.
d) False.
r (7 15 r (13 . (10 14
44 _<1O 22 AT = 2 4 ATA= 14 20
e) False.
L 0y (1 2y _ (1 2 ” 1 2\ (1 0)_(1 4
0 2 3 4) \6 8 3 4 0 2) \3 8
f) True.
al 0 0 b1 0
0 as 0 0 b2 0
A= B=1 .
&1b1 0 e 0
0 agbg NN 0
AB=| . . . . = BA
0 0 - apby

g) False. Since according to the script distributivity holds, we have
(A+B)*=(A+B)(A+B)=A(A+ B)+ B(A+ B) = A> + AB + BA + B?

which shows that the above statement is only equal to A2 +2AB + B? if AB = BA.

h) True. In accordance to the previous point, we need only show that E,, - A = E,, - A which is
trivially true.

i) False.
10 10
St O B ()

1 0
0 0

(o)

AB—AC’—< > but B #£C



Algebra — Exercise Sheet 6 Laurenz Weixlbaumer (11804751)

Exercise 4

a)

a 0 c 0 0 b 0 d
aI:(O ) cz:(o ) bJ:(b 0) sz(d 0)

_(a b [ c d [ ac—bd ad+bc
aI+bJ_(b a) d+dJ_<d c) (aI+bJ)(CI+dJ)_(adbc acbd)

¢) (i) Associativity of addition and multiplication. For arbitrary z,y, z € C we have for addition

(331 x2>+<<y1 y2)+<21 ZQ))

—I2 X1 —Y2 U —22 Z1

_(mtyta T2+ Y2 + 22
—T2—Y2—22 T1+y1+z-1

:<(=’C1 $2>+<y1 y2>>+<21 22)
—T2 X1 —Y2 Y1 —Z2 21

and similarly for multiplication

(x1 xz)((yl yz>.<21 22>><(x1 xz),<y1 y2)>.(zl Z2>
—Z2 I1 —Y2 Y1 —Z2 2 —Z2 L1 —Y2 U —Z2 2
which follows trivially from the associativity of matrix multiplication. (Which itself fol-

lows trivially from the associativity of function composition.)

(ii) Existence of neutral element for addition and multiplication. For any matrix

T + 00y _ x
0 0/
The additive neutral element is in C for a = b = 0.
T1 Tg 1 0\ (z1 =2
T3 X4 0 1) xr3 T4
The multiplicative neutral element is in C for a =1 and b = 0.

(iii) Existence of inverses for addition and multiplication.
T T2 n Y1 Y2\ _ 0 0
—xy T —Y2 00
Yo Y2\ _ (—T1 —T2
—Y2 U1 T2  —I1
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For an element in C with given a,b € R the additive inverse is the element with —a, —b.

A 2x2 matrix is invertible if and only if its determinant is nonzero. In the given case the
determinant is 22 — (22 - —2) = 2% + 22 which is zero only if x; and x5 are both zero.
Since that is equivalent to the additive inverse we can discard that case.

(iv) Commutativity of addition and multiplication.
Ty T2 (h v} _ (4 tyr T2ty2) _ (Y1 Y2 I G
—T2 I —Y2 Y1 T2 —Y2 T1— U1 —Y2 U1 —Z2 X1
T X2 Yrooy2\ _ [ Tay1 —T2y2 Tyt 22y _ [ Y1 Y2 T1 T2
—Z2 I1 —Y2 Y —T2Y1 — T1Y2 —T2Y2 + T1Y1 —Y2 U1 —Z2 1
(v) Distributivity of multiplication over addition. Let z,y, z € C be arbitrary.

n n
@Y +2))ig =D ik (Whj + 2h5) = D Tirk - Yhj + Tik - 2
k=1 k=1

n n
=D Tk g Tk 2k = (1)ig + (@2)i
k=1 k=1

Exercise 5 The given matrix is invertible for all k¥ # —1. The inverses are

1 0 0
1 k
0 g
0 _ 1
1 F+1
Exercise 7
a)
1 2 4 x x4+ 2y +4z 0
0 1 1 y | = y+z =10
2 2 6 z 20 4+ 2y 4+ 62 0
After solving the linear system of equations this is true for y = 3, 2 = —5 with arbitrary
z e R.
b)
1 2 4 T+ 2z
(x Y z) 01 1)=(22+y+22 :(0 0 O)
2 2 6 4z +y + 62
After solving the linear system of equations this is true for y = —x, 2 = —§ with arbitrary
reR.
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x 2y 4z x4 2y +4z 1
Ol+ly |+ =2z]= y+z =1 2
2x 2y 62 2z + 2x 4 62 -2
. . . - _ 7, _ 3 i
After solving the linear system of equations this is true for y = $ + 5, 2z = —5 — 5 with

arbitrary x € R.

d)
T 2z T+ 2z -1
2c4+y |+ |22 =|224+y+22z] =1 O
dx +y 62 dx +y + 62 -2

After solving the linear syste mof equations this is true for y = 1 -z, 2 = -5 — % with

arbitrary € R.



