Algebra — Exercise Sheet 10

Laurenz Weixlbaumer (11804751)

Exercise 1

a)

OO =

N = O

01 0 aj; a2
1 0 O ao21 Aa29
0 0 1 azp as2
ailp a2 ais 0
az1 a2 a3 1
as1 az2 a3 0
1 0 0 a11 Q12
0 1 0 a21 Q22
0 0 2 a3z1 as2
a11  aiz2 a13 1
a21 A22 (23 0
azr asz ass 0
0 a1l a2 a13
0 a1 Q2 Q23 | =
1 asy asz ass
ailr a2 ais 10
as1 a2 a3 0 1
azr Gz ass3 0 2
01 0 a11 Q12
0 0 1 a1 Q22
1 0 O azp as2
ai1 aiz ais 0
az1 a22 a3 0
as1 az2 as3 1

a13 a1 ag2 G23
G2z | = | G111 Q12 Qi3
ass asy asz as3
1 0 a2 ai1 Qs
0 0| =1a2 ax as
0 1 asz2 az1  ass
a3 a1l a1z a3
azs | = | a1 a2 ass
ass 2a31 2a32 2a33
0 0 a1 3aiz a3
3 0 = a1 3&22 a3
0 1 aszi 3(132 ass
a11 ai2 a13
a21 a22 a23
2a21 +a31  2a212 +azz  2as3 +ass
0 ai1 a2 +2a13 a3
0] =|a21 a2 +2az3 a3
1 as1 a3z +2a33 as3
ais az; a2 a3
a3 | = | a31 az2 ass
ass ail aiz a3
10 aiz a1 ai
0 1| =1aas a2 a2
0 0 a3z asr 032
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Exercise 2

-1 1 -2 -3 -1 1 -2 -3
-3 0 —6 —12 0 -3 0 -3
Bea(=3)-1 o 5 o 3 |=lo -2 2 3
0 -6 4 11 0 -6 4 11
-1 1 -2 -3 -1 1 -2 -3
2 0 -3 0 -3 0o -3 0 -3
Ry2(—2) - R3o <—3> ‘1o -2 2 3110 0 2 )
0 —6 4 11 0o 0 4 17
-1 1 -2 -3 -1 1 -2 -3
0 -3 0 -3 0 -3 0 -3
Bis=219 9 2 5 [=|o 0o 2 5
0 0 4 17 o 0 0 7
-1 1 -2 -3 -1 1 -2 -3
9 -3 0 -6 -—12 0o -3 0 -3
Ry3(—2)- Raa(—2)- Rs» <_3)'R2’1( VMo =2 2 3| [o o 2 5
0 -6 4 11 o o0 o 7
11 9 3 -1 1 -2 -3
-3 0 -6 -—12 2 0 =3 0 -3
0 o o 3 |=Ris(2) Ri2(2) Rsp <3>'R271(3) 0 0 2 5
0 -6 4 11 0 0 0 7
-1 1 -2 =3 1 000 —1 -2 -3
-3 0 —6 —12| _|3 1 00 0 -3 0 =3
0 -2 2 3] |03 10 0 25
0 -6 4 11 0 2 21 0 0 7
Exercise 3
a)
1 0 0 2 1 0 0 2
0 -3 1 2 0 -3 1 2
Ry3(—=3) - R31(—1)- 1 0 -1 1] ]J]0 0 -1 -1
0 0 -3 0 0 0 0 3
1 0 0 2 1000 1 0 0 2
0 -3 1 2| [0 100 0 -3 1 2
1 0 -1 11~ 1010 0 0 -1 -1
0 0 -3 0 00 3 1 0 0 0 3
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b)
AZ=0 — LU@ =0 — LUZ=0
1 00 0 1 0 0 2 1 0
0100 0 -3 1 2| |a2|_|0O
1010 0 0 -1 -1 zs| |0
00 3 1 0 0 0 3 T4 0
Let

1 0 0 2 Ty Y

0 -3 1 2 BEZE R

0 0 -1 -1 z3 | |3

0 O 0 3 Ty Yq

and now the previous system becomes

1 0 Y1
Y2
Y3

Ya

o~ O

w = oo
— o O O
o O O O

1
0
0

1 0 0 2 1 0
0 -3 1 2 2| |0
0 0 -1 -1 zz| |0
0 O 0 3 x4 0
with 7 = 0.
c)
1 0 0 O 1 0 0 2 x1 5
01 00 0 -3 1 P I I I
1 01 0 0 0 -1 -1 z3| | 6
00 3 1 0 0 0 3 T4 3
Let
10 0 2 1 [
O —3 1 2 . X9 _ Y2
0 0 -1 -1 z3 ] | ws
0 0 0 3 Ty Ya
and now the previous system becomes
1 0 0 0 Y1 5
01 00 | |4
1 010 ys| | 6
00 3 1 Ya 3
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with y; =5, yo = —4, y3 = 1, y4 = 0. Now we can restate the intermediate system to
1 0 0 2 1 5
0 -3 1 2 zo| |4
0 0 -1 -1 zz3 | |1
o 0 0 3 T4 0
with 4 =0, x3 = —1, 2o = 1 and x; = 5.

Exercise 4 The inverse of the given matrix is

1 1 0 0|1 0 0 O 1 1 0 0|1 0 0 O 1 1 0 0|1 0 O
0O 1 0 1/]0 1 0 O . 0O 1 0 110 1 0 O N 0 1 0 1]0 1 O
0O 01 1/]0 0 1 o0 0O 0 1 110 0 1 O 0 01 1]0 0 1
1 0 0 0|0 O O 1 0O -1 0 of-1 0 O 1 0 0 0 1]-1 1 o0
1 1 0 0|1 O 0 O 1 1. 0 0|1 0 O O 1 1 0 0|1 0 O
0O 1 0 1]0 1 0 O . 0 1 0 10 1 0 O . 0 1 0 0|1 0 O
0O 01 1/]0 0 1 0 o o0 1 o1 - 1 -1 0O 0 1 o1 -1 1
0O 0 0 1(-1 1 0 1 0 0 0 1]-1 0 1 0O 0 0 1]-1 1 0
0 0 0 1
1 0 0 -1
1 -1 1 -1
-1 1 0 1
0 0 0 1|1 0 0 0 1 0 0 0]1 0 0 1 0 0 0]1 1
1 0 0 -1/0 1 0 O . 1 0 0 -1/0 1 0 O N 1 0 0|0 1
1 -1 1 110 0 1 0O 1 -1 1 -1{0 0 1 O 1 -1 1 -1/0 O
-1 1.0 1,0 O O 1 -1 1.0 1]0 0 0 1 -1 1 0 1]0 0
1 0 0 0|1 1 0 O 1 0 0 0| 1 1 0 0
0O 1. 0 0[O0 1 0 1 R 0 1 0 0] O 1 0 1
00 1 0[0 0 1 001 of0 0 11
11 0 110 0 0 1 00 0 1 0 1
A " =Ry 2(—1) Ry 1(1) . R374(1) . R274(1) - Ry 2(1)
Exercise 5
a) The (two) columns are linearly independent thus the rank is 2.
b) The zero matrix has rank zero.
¢) The columns are linearly dependent, the largest set of linearly independent columns has one
element, thus the rank is 1.
d) — g) See c).

o= O O

HOHO

_— o O O
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Exercise 6

a) Using only elementary transformations,

00 1
P'=Ti3-Tp3, thus [1 0 0
010

b) The given matrix is equivalent to the permutation

1 2 3 . . 1 2 3 S
<2 3 1), whose inverse is <3 1 2), which is equvalent to

o = O
_ o O
o O =

1 00 0 0 0l0 0 1 0 0 0
01 0 0 0 0[1 0 00 0 0
001 00 0[0 0 00 0 1
000 1 0 0/0 1000 0
000 01 0/0 0O0UO0T10
000 00 1/0 0010 0
d)
001000
100000
000001
010000
000010
000100
e)
(P-P");;=> Py Pl
k=1
=> Pi P

b
Il
—_

Consider that P; ;, and P;j are both in the same column. Only one element in a column may
be nonzero. Thus the only way for their product to be nonzero is if ¢ = j, or

- 1 ifi=j
E Py -Pjr= j.
Pt 0 otherwise

This is the definition of the identity matrix.



